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Abstract 

We study such important properties of /-divergence minimal martingale mea- 
sure as Levy preservation property, scaling property, invariance in time prop- 
erty for exponential Levy models. We give some useful decomposition for /- 
divergence minimal martingale measures and we answer on the question which 
form should have / to ensure mentioned properties. We show that / is not 
necessarily common /-divergence. For common /-divergences, i.e. functions ver- 
ifying f"{x) = ax'', a > 0, 7 G M, we give necessary and sufficient conditions 
for existence of /-minimal martingale measure. Key words and phrases: f- 

divergence, exponential Levy models, minimal martingale measures. Levy preser- 
vation property 
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1 Introduction 

This article is devoted to some important and exceptional properties of /-divergences. 
As known, the notion of /-divergence was introduced by Giszar [3] to measure 
the difference between two absolutely continuous probability measures by mean 
of the expectation of some convex function / of their Radon-Nikodym density. 

More precisely, let / be a convex function and Z = — ^ be a Radon-Nikodym 
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density of two measures Q and P, Q « P. Supposing that f{Z) is integrable 
with respect to P, /-divergence of Q with respect to P is defined as 

f{Q\\P)=Ep[f{Z)]. 

One can remark immediately that this definition cover such important cases 
as variation distance when f{x) = |x — 1|, as Hehinger distance when f{x) = 
{^/x — 1)^ and Kulback-Leibler information when /(x) = 2;ln(x). Important as 
notion, /-divergence was studied in a number of books and articles (see for in- 
stance [E], dU) 

In financial mathematics it is of particular interest to consider measures Q* 
which minimise on the set of all equivalent martingale measures the /-divergence. 
This fact is related to the introducing and studying so called incomplete mod- 
els, like exponential Levy models, in which contingent claims cannot, in general, 
be replicated by admissible strategies. Therefore, it is important to determine 
strategies which are, in a certain sense optimal. Various criteria are used, some 
of which are linked to risk minimisation ( see ^ , [25j , [26j ) and others consisting 
in maximizing certain utility functions (see |16j). It has been shown (see 
|18] ) that such questions are strongly linked via Fenchel-Legendre trans- 
form to dual optimisation problems, namely to /-divergence minimisation on the 
set of equivalent martingale measures, i.e. the measures Q which are equivalent 
to the initial physical measure P and under which the stock price is a martingale. 

Mentioned problems has been well studied in the case of relative entropy, 
when f{x) = xln(x) (cf. [21], [lO]), also for power functions f{x) = x'^, q > 1 
or g < (cf. [E]), f{x) = — x'^, < g < 1 (cf. [1], [5]) and for logarithmic 
divergence f{x) = — ln(x) (cf. [17J), called common /-divergences. Note that 
the three mentioned functions all satisfy f"{x) = ax"' for an a > and a 7 G M. 
The converse is also true, any function which satisfies f"{x) = ax"' is, up to 
linear term, a common /-divergence. It has in particular been noted that for 
these functions, the /-divergence minimal equivalent martingale measure, when 
it exists, preserves the Levy property, that is to say that the law of Levy process 
under initial measure P remains a law of Levy process under the /-divergence 
minimal equivalent martingale measure Q* . 

The aim of this paper is to study the questions of preservation of Levy prop- 
erty and associated properties such as scaling property and invariance in time 
property for /-divergence minimal martingale measures when P is a law of d- 
dimensional Levy process X and Q* belongs to the set of so called equivalent 
martingale measures for exponential Levy model, i.e. measures under which the 
exponential of X is a martingale. More precisely, let fix a convex function / 
defined on R"*"'* and denote by A4 the set of equivalent martingale measures 
associated with exponential Levy model related to X. We recall that an equiv- 
alent martingale measure Q* is /-divergence minimal if f{Z*) is integrable with 
respect to P where Z* is the Radon-Nikodym density of Q* with respect to P, 
and 

/(Q*||P)= min/(Q||P). 
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We say that Q* preserves Levy property if X remains Levy process under Q* . 
The measure Q* is said to be scale invariant if for all x G M+, Ep\f{xZ*)\ < oo 
and 

/(xQ*||P) = mill 
QeM 

We also recall that an equivalent martingale measure Q* is said to be time 
invariant if for all T > 0, and the restrictions Qt,Pt of the measures P,Q on 
time interval [0,r], Ep\f{Z^)\ < oo and 

f{Q*T\\PT)=minf{QT\\PT) 

In this paper we study the shape of / belonging to the class of strictly convex 
tree times continuously differentiable functions and ones used as /-divergence, 
gives an equivalent martingale measure which preserves Levy property. More 
precisely, we consider equivalent martingale measures Q belonging to the class 
/C* such that for all compact sets K of M"*"'* 

Ep\f{-r5-)\<+^^ EQ\f {-rB-)\ < +00, sup sup ^q[/ (A—)—] < +00. 
"-TT aPr t<T\&K dPt aPt 

We denote by Radon-Nikodym density of with respect to Pt and by 
/3* and Y* the corresponding Girsanov parameters of an /-divergence minimal 
measure Q* on [0,T], which preserves the Levy property and belongs to /C*. 

To precise the shape of / we obtain fundamental equations which necessarily 
verify /. Namely, in the case supp (u) ^ 0, for a.e. x S supp{Z^) and a.e. 
y G supp{v), we prove that 

d 

f'{xY*{y)) - fix) = "^(e'^ - 1) (1) 

i=l 

where <I> is a continuously differentiable function on supp (Z^) and y = ^ {yi,y2r " Ud), 
a = ~^ {ai,a2, - ■ ■ ctd) are vectors of M'^. Furthermore, if c 7^ 0, for a.e. x E 
supp(Z^) and a.e. y G supp{i>), we get that 

d d 

nxY*{y)) - fix) = xf'ix) " 1) + E " 1) (2) 

i=i j=i 

where /3* =^ {/3l, • • • , /3^) is a first Girsanov parameter and V ="'' {Vi, • • • , Vd) 
is a vector which belongs to the kernel of the matrix c, i.e. cV = 0. 

Mentioned above equations permit us to precise the form of /. Namely, we 
prove that if the set {In y*(y), y G supp{i')} is of non-empty interior and it 
contains zero, then there exists a > and 7 G R such that for all x G supp{Z^), 

fix) = ax''. (3) 

Taking in account the known results we conclude that in considered case the rela- 
tion ([3]) is necessary and sufficient condition for /-divergence minimal martingale 
measure to preserve Levy property. In addition, as we will see, such /-divergence 



3 



minimal measure will be also scale and time invariant. 

In the case when ^/3*c/3* 7^ and support of v is nowhere dense but when 
there exists at least one y S supp{v) such that ln(y*(y)) 7^ 0, we prove that 
there exist n E N, the real constants bi,bi,l < i < n, and 7 G M, a > such that 

n 1 " 

f"{x) = ax^ + x^Y. ^ii^<^)y + - E UHx)y-^ 

i=l ^ i=l 

The case when /3*cf3* = and supp{v) is nowhere dense, is not considered in 
this paper, and from what we know, form an open question. 

We underline once more the exceptional properties of the class of functions 
such that: 

f"{x) = ax^ 

and called common /-divergences. This class of functions is exceptional in a sense 
that they verify also scale and time invariance properties for all Levy processes. 
As well known, Q* does not always exist. For some functions, in particular 
f{x) = 2;ln(x), or for some power functions, some necessary and sufficient con- 
ditions of existence of a minimal measure have been given (cf. |13j , [15] ) . We will 
give a unified version of these results for all functions which satisfy f"{x) = ax"^, 
a > 0, 7 S M. We give also an example to show that the preservation of Levy 
property can have place not only for the functions verifying f"{x) = ax'^ . 

The paper is organized in the following way: in [2j we recall some known facts 
about exponential Levy models and /-divergence minimal equivalent martingale 
measures. In [3l we give some known useful for us facts about /-divergence 
minimal martingale measures. In HI we obtain fundamental equations for Levy 
preservation property (Theorem[3]). In[5l we give the result about the shape of / 
having Levy preservation property for /-divergence minimal martingale measure 
(Theorem [5]) . In [HI we study the common f-divergences, i.e. with / verifying 
f"{x) = ax^, a > 0. Their properties are given in Theorem [6| 

2 Some facts about Exponential Levy mod- 
els 

Let us describe our model in more details. We assume the financial market 
consists of a bank account B whose value at time t is 

Bt = Boe^\ 

where r > is the interest rate which we assume to be constant. We also assume 
that there are d >1 risky assets whose prices are described by a d-dimensional 
stochastic process S = {St)t>o, 
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where X = (Xj)t>o is a d-dimensional Levy process, Xf = '^{X^ , • • • , X^ ) and 
Sq = ~^{Sq^\ • • • , Sq^^). We recall that Levy processes form the class of processes 
with stationary and independent increment and that the characteristic function 
of the law of Xt is given by the Levy-Khintchine formula : for all t > 0, for all 

where 

il;{u) = i < u,b > --\cu + I [e*<"'^> - 1 - i < ti, >]iy{dy) 
2 Jm.<i 

where b G M.'^, c is a positive d x d symmetric matrix, /i is a truncation function 
and is a Levy measure , i.e. positive measure on M*^ \ {0} which satisfies 

/ {lA\y\^)u{dy) < +00. 

The triplet (6, c, v) entirely determines the law of the Levy process X, and is 
called the characteristic triplet of X. From now on, we will assume that the 
interest rate r = as this will simplify calculations and the more general case 
can be obtained by replacing the drift bhy b — r. We also assume for simplicity 
that 5*0 = 1. 

We will denote by A4 the set of all locally equivalent martingale measures : 
M = {Q ~ P, S is a martingale under Q}. 

We will assume that this set is non-empty, which is equivalent to assuming the 

existence of Q '~ P such that the drift of S under Q is equal to zero. We 
consider our model on finite time interval [0,T], T > 0, and for this reason 
the distinction between locally equivalent martingale measures and equivalent 
martingale measures does not need to be made. We recall that the density Z 
of any equivalent to P measure can be written in the form Z = 8{M) where £ 
denotes the Doleans-Dade exponential and M = {Mt)t>o is a local martingale. 
It follows from Girsanov theorem theorem that there exist predictable functions 
/3 = ■ ■ ■ (3^'^^) and Y verifying the integrability conditions : for t > 

(P-a.s.) 

t 

^ fiscfisds < oo, 

r / I h{y) {Ys{y) - 1) \iy'''P{ds,dy) < oo, 
Jo JR'* 

and such that 

Mt = Y. fl^^^dX^''^ + f f [YM - - v''^''){ds,dy) (4) 

Jo Jo Jr'' 

where is a jumps measure of the process X and u^'^ is its compensator 
with respect to P and the natural filtration F, v^'^ {ds,dy) = dsu{dy) ( for 
more details see |14j). We will refer to (/3,y) as the Girsanov parameters of 
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the change of measure from P into Q. It is known from Grigehonis result [12] 
that a semi-martingale is a process with independent increments under Q if and 
only if their semi-martingale characteristics are deterministic, i.e. the Girsanov 
parameters do not depend on uj, i.e. f3 depends only on time t and Y depends on 
time and jump size {t,x). Since Levy process is homogeneous process, it implies 
that X will remain a Levy process under Q if and only if there exists /3 G M and 
a positive measurable function Y such that for all t < T and all uj, f3t{u}) = (3 
and Yt{uj,y) = Y{y). 

We recall that if Levy property is preserved, S will be a martingale under Q if 
and only if 

h + \diag{c) + c/3 + /" [(e^ - l)Y{y) - h{y)]v{dy) = (5) 

where is a vector with components e^^l < i < d, and y = ^ {yi, • • • , yd)- This 
follows again from Girsanov theorem and reflects the fact that under Q the drift 
of S is equal to zero. 



3 Properties of /-divergence minimal mar- 
tingale measures 

Here we consider a fixed strictly convex continuously differ entiable on M+'* func- 
tion / and a time interval [0, T]. We recall in this section a few known and useful 
results about /-divergence minimisation on the set of equivalent martingale mea- 
sures. Let (fi, J^, F, P) be a probability filtered space with the natural filtration 
F = {Ft)t>t satisfying usual conditions and let M. be the set of equivalent mar- 
tingale measures. We denote by Qt , Pt the restrictions of the measures Q, P on 
Tt- We introduce Radon-Nikodym density process Z = {Zt)t>o related to Q, an 
equivalent martingale measure, where for t > 

^ dQt 



dPt 



We denote by Z* Radon-Nikodym density process related with /-divergence min- 
imal equivalent martingale measure Q*. 

Definition 1. An equivalent martingale measure Q* is said to be f -divergence 
minimal on the time interval [0,T] if Ep\f{Z^)\ < oo and 

Ep[f{Zi,)]= mm Ep[f{ZT)] 
QeM 

where M is a class of locally equivalent martingale measures. 

Then we introduce the subset of equivalent martingale measures 

)C = {QeM\ Ep\f{ZT)\ < +00 and EQ[\f'{ZT)\] < +oo.} (6) 

We will concentrate ourselves on the case when the minimal measure, if it exists, 
belongs to /C. Note that for a certain number of functions this is necessarily the 
case. 
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Lemma 1 (cf |19) . Lemma 8.7). Let f be a convex continuously differentiable on 
M"*"'* function. Assume that for c > 1 there exist positive constants co,ci,C2,C3 
such that for u > cq, 

f{cu) <Clf{u)+C2U + C3 (7) 

Then a measure Q & Ai which is f -divergence minimal necessarily belongs to IC. 

We now recall the following necessary and sufficient condition for a martingale 
measure to be minimal. 

Theorem 1 (cf [U], Th 2.2). Consider Q* £ fC. Then, Q* is minimal if and 
only if for all Q £ IC, 

EQ4f'{Zi.)]<EQ[nZ^)]. 

This result is in fact true in the much wider context of semi-martingale mod- 
elling. We will mainly use it here to check that a candidate is indeed a minimal 
measure. We will also use extensively another result from [11] in order to obtain 
conditions that must be satisfied by minimal measures. 

Theorem 2 (cf [11], Th 3.1). Assume Q* £ fC is an f -divergence minimal 
martingale measure. Then there exists xq € M and a predictable d-dimensional 
process (j) such that 

and such that X]f=i /o '^1'^ ^.s'f'' defines a martingale under the measure Q* . 

4 A fundamental equation for /-divergence 
minimal Levy preserving martingale measures 

Our main aim in this section is to obtain an equation satisfied by the Radon- 
Nikodym density of /-divergence minimal equivalent martingale measures. This 
result will both enable us to obtain information about the Girsanov parameters 
of /-divergence minimal equivalent martingale measures and also to determine 
conditions which must be satisfied by the function / in order to a f-minimal 
equivalent martingale measure exists. Let us introduce the class IC* of locally 
equivalent martingale measures verifying: for all compact sets K of M"*"'* 

Ep\f{ZT)\ < +00, EQ\f{ZT)\ < +00, supsupi?Q[/"(AZ;)Z;] < +oo. (8) 

t<T \€K 

Theorem 3. Let f be strictly convexe C^{M.~^'*) function. Let Z* be the density of 
an f -divergence minimal measure Q* on [0, T], which preserves the Levy property 
and belongs to IC* . We denote by {13*, Y*) its Girsanov parameters. Then, if 
supp (i/) / 0, for a.e. x £ supp{Z^) and a.e. y G supp{v), we have 

d 

f'{xY*{y)) - fix) = c&(rc) J]a,(e^» - 1) (9) 

i=l 
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where ^ is a continuously differentiable function on supp (Z^) and a = ^(ai, 02, • • • Od) 
is a vector of M^. Furthermore, if c ^ 0, for a.e. x G supp{Z^) and a.e. 
y G supp{v), we have 

d d 

f'ixY*{y)) - fix) = xf"{x)Y,fil{ey^ - 1) - 5^^,(6^^ - 1) (10) 

i=i j=i 

where j3* =^ (Z^^, • • • ,/3^) and V =^ (Vi,-- - ,Vd) belongs to the kernel of the 
matrix c, i.e. cV = 0. 

17* 

We recall that for all t < T, since Q* preserves Levy property, Z* and 

Z^ 

are independent under P and that >C(-^) = C{Z^_^). Therefore denoting 

p{t,x) = EQ,[f\xZ*T_^)], 
and taking cadlag versions of processes, we deduce that (5*-a.s. for all t < T 

EQ,[nZ*T)\T,] = p{t,Zl) 

We note that the proof of Theorem [3] is based on the identification using 
Theorem [2] and an application of decomposition formula to function p. However, 
the function p is not necessarily twice continuously differentiable in x and once 
continuously differentiable in t. So, we will proceed by approximations, by ap- 
plication of Ito formula to specially constructed function In order to do this, 
we need a number of auxiliary lemmas given in the next section. 

Since the result of Theorem [3] is strongly related to the support of Z^, we 
are also interested with the question : when this support is an interval? This 
question has been well studied in [27], [24] for infinitely divisible distributions. In 
our case, the specific form of the Girsanov parameters following from preservation 
of Levy property allow us to obtain the following result proved in subsection 4.3. 

Proposition 1. Let Z* he the density of an f -divergence minimal equivalent 
martingale measure on [0,T], which preserves the Levy property and belongs to 
K*. Then 

(i) If^p*cp* / 0, then supp{Z^) = M+'*. 

(ii) If^l3*c(3* = 0, supp (u) 7^ 0, G supp{i') and Y* is not identically 1 on 
supp (u) , then 

(j) in the case ln(y(y)) > for all y £ supp{v), there exists A > such 
that supp{Z^) = [yl, +oo[; 

(jj) in the case ln(y(y)) < for all y G suppiu) there exists A > Q such 

that supp{Z^) =]0,^]; 
(jjj) in the case when there exist y,y G supp{u) such thathiiY* [y)) .\x].(Y* [y)) < 
0, we have supp{Z^) = M+'*. 
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4.1 Some auxiliary lemmas 

We begin with approximation lemma. Let a strictly convex tree times continu- 
ously differentiable on function / be fixed. 

Lemma 2. There exists a sequence of bounded functions {(j)n)n>i, which are of 
class on M+*, increasing, such that for all n>l, (j)n coincides with f on the 
compact set [^,n] and such that for sufficiently big n the following inequalities 
hold for all x,y > : 

\<Pn{x)\ < 4|/'(x)|+a , W^{x)\ < 3f"{x) , \Mx)-My)\ < 5|/'(x)-/'(y)| (11) 

where a is a real positive constant. 

Proof We set, for n > 1, 

2_ 

An{x) = /'(-) - /" f"{y){2ny - 1)^(5 - 4ny)dy 
Bn{x) = fin) + / /"(y)(n + 1 - y)\l + 2y - 2n)dy 

J n 

and finally 

An{x) if < X < i, 
Mx) = I fix) if i < X < n, 
Bn{x) if X > n. 

Here and i?„ are defined so that is of class on M"*"'*. For the in- 
equalities we use the fact that /' is increasing function as well as the estimations: 
< (2nx-l)2(5-4nx) < 1 for ^ < x < ^ and < {n + l-xf{l + 2x-2n) < 3 
for n < X < n + 1. □ 

Let Q be Levy property preserving locally equivalent martingale measure and 
Y) its Girsanov parameters when change from P into Q. We use the function 

Pnit,x) = EQ[(j)n{xZT-t)] 

to obtain the following analog to Theorem SI replacing /' with (pn- 
For this let us denote for < t < T 

i^^\x) = EQW^{xZT-t)ZT-t] (12) 

and 

H[''\x,y) = EQ[^n{xZT-tY{y)) - K{xZT-t)\ (13) 
Lemma 3. We have Q*-a.s., for all t <T, 

Pn{t,Zt)=EQ[(t>n{ZT)]+ (14) 

d 



Y,f^^ [ 6''Hzs-)Zs-dxi'^'Q'^+ [ [ H'iHzs-,^ 

•^-|^ JO Jo JR'^ 



y) (//^-J^^''3)(ds,dy) 



where /3 = ^(/3i,--- ,(3^) and u^^^ is a compensator of the jump measure p^ 
with respect to (F,Q). 
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Proof In order to apply the Ito formula to p„, we need to show that p„ is twice 
continuously difFerentiable with respect to x and once with respect to t and that 
the corresponding derivatives are bounded for all t £ [0, T] and a; > e, e > 0. 
First of all, we note that from the definition of (^n for all x > e > 

8 (n + 1) 

OX e z>o 

Therefore, pn is differentiable with respect to x and we have 

d 

—Pn(t,x) = EQ[(l)'^{xZT-t) Zr-t]- 

Moreover, the function {x, t) 4)'^{xZT-t)ZT-t is continuous P-a.s. and bounded. 
This implies that -§^pn is continuous and bounded for t G [0, T] and x> e. 
In the same way, for all a; > e > 

\^ct>n{xZT-t)\ = Z^_,^';{xZT-t) < ^^^^SUp</.;;(z) < +00. 

OX e 2>o 

Therefore, pn is twice continuously differentiable in x and 

-Q^Pn{t,x) = EQ[ct>l{xZT-t)Z^^t\ 

We can verify easily that it is again continuous and bounded function. In order 
to obtain differentiability with respect to t, we need to apply the Ito formula to 



bnixZt) =Mx) + y, / X(l>'„ixZ,_)/3iZs-dX^'^'Q'' 

i=i Jo 

+ f f MxZs-Y{y)) - <t>n{xZs-) (/x^ - 

+ / ■lpn{x,Zs-)ds 

Jo 



where 



Ipnix, Zs-) f3c(3[xZs-(p'nixZs-) + 1^X^ Z]_(j)'^{xZs-)] 



+ / [(0„(xZ,_y(y)) - MxZs-))Y{y) - xc^^{xZ,_)Z,^{J{y) - \)\v{dy). 

JR'i 



Therefore, 



.T-t 

EQ[4>n{xZT-t)] = EQ[lpn{x,Zs-)]ds 

Jo 

so that Pn is differentiable with respect to t and 
d 

-^Pn{t,x) = -EQ[lPn{x,Zs-)]\^^^^_^^ 

We can also easily verify that this function is continuous and bounded. For this 
we take in account the fact that (f)'^ and cp'^ are bounded functions and also 
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that the Helhnger process of Qt and Px of the order 1/2 is finite. 



We can finally apply the Ito formula to For that we use the stopping 
times 

Sm = inf{t>0|Zt<-}, 
m 

with m > 1 and inf{0} = +00. Then, from Markov property of Levy process we 
have : 

Pn{t A Sm, ZtAsJ) = EQ{(f)n{XZT) \ -^tAs„) 

We remark that {EQ{(f)n[XZT) \^thsm)t>Q is Q-martingale, uniformly integrable 
with respect to m. From Ito formula we have : 

Pn{t A Sm, ZtAs^) = EQ{(pn{XZT)) + / -^{s,Zs-)ds 

Jo 

+ X] Pn{s-,Zs) - Pn{s-,Zs-) -^^{s,Zs_)llZs 

0<S<tASm 

where AZg = Zg — Zs-. After some standard simplifications, we see that 

Pnit A Sm, ZtAs^) = ^tAs™ + MtAs^ 

where (^tAsm)o<t<T is predictable process, which is equal to zero, 

A,s^ = -^{s, Z,.)ds + - -^{s, Z,.)d <Z^>s + 

/ / [pn{s, Zs- +x)- Pn{s, Zg-) - -^{s, Z s-)x]l>^ ''^ {ds, dx) 

Jo Jr dx 
and (Mi/^s„)o<t<r is a Q-martingale, 

MtAs^ = Eq{M>^Zt)) + -^{s, Zs-)dZ', + 

rtAsm r 

[pn{s,Zs- + x) - pnis,Zs-)]{p^{ds,dx) - u^''^ {ds, dx)) 



Then, we pass to the limit as m — )• +00. We remark that the sequence {sm)m>i 
is going to +00 as m — )• 00. From [23], corollary 2.4, p. 59, we obtain that 



lim EQ{4>niZT) I J^tASm) = EQ{(t>n{ZT) \ ^t) 

and by the definition of local martingales we get: 

lim r'^^{s,Z,.)dZ',= f^{s,Z,^)dZ';= f \i^r\Z,^)dZ\ 

m^oojQ dx Jq dx Jq 



and 

rtAs„ 



lini^ / / [pn{s, Zs- + x) - pn{s, Zs-.)]{p^ {ds,dx) - iy^'^{ds,dx)) 

11 



rt 

[pn{s,Zs- +x) - pnis,Zs^)]ip^{ds,dx) - v^'^{ds,dx)) 



/o 



Now, in each stochastic integral we pass from the integration with respect to the 
process Z to the one with respect to the process X. For that we remark that 

d 

dZl = AZ, = Z,_y(AX,). 

i=l 

Lemma E] is proved. □ 

4.2 A decomposition for the density of Levy preserv- 
ing martingale measures 

This decomposition will follow from a previous one by a limit passage. Let again 
Q be Levy property preserving locally equivalent martingale measure and Y) 
the corresponding Girsanov parameters when passing from P to Q. We introduce 
cadlag versions of the following processes: for t > 

Ux) = EQ[f"{xZT-t)ZT-t] 

and 

Ht{x,y) = EQ[f'{xZT-tY{y)) - f'{xZT-t)] (15) 

Theorem 4. Let Z be the density of a Levy preserving equivalent martingale 
measure Q. Assume that Q belongs to fC* . Then we have Q- a.s, for all t <T, 

EQ[f'{ZT)\H=EQ\f'{ZT)]+ (16) 

[' UZs-)Zs-dXi^^''^'' + f I Hs{Zs-,y){fi'' -u''''^){ds,dy) 
Jo Jo Jw 

We now turn to the proof of Theorem HI In order to obtain the decomposition 
for /', we obtain convergence in probability of the different stochastic integrals 
appearing in Lemma [3l 

Proof of T/ieorem [7] For a n > 1, we introduce the stopping times 

Tn = infit >0\Zt>norZt<-} (17) 

n 

where inf{0} = +oo and we note that r„ — ?• +cxd (P-a.s.) as n — )• oo . First of 
all, we note that 

\EQ[f'iZT)\J't]-pn{t,Zt)\ < EQ[\f'iZT)-MZT)m] 

As /' and coincide on the interval it follows from Lemma [3] that 



\EQ[f'{ZT)\Tt]-pn{t,Zt)\ < EQilfiZr) - MZT)\l{r„<T}\^t 

<EQ[i5\f'iZT)\+a)l{,^<T}\^t 



tl 
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Now, for every e > 0, by Doob inequality and Lebesgue dominated convergence 
theorem we get: 

liin Q{snpEQmf'{ZT)\+a)l^,^<T}\J't]>e)< lim ii?Q[(5|/'(ZT)|+a)l{,„<T}] = 

n— >-+oo f<r ~ n— !>+oo e l _ j 

Therefore, we have 

hm Q{snp\EQ[f'iZT) - Pnit,Zt)\Tt]\ > e) = 0. 

We now turn to the convergence of the three elements of the right-hand side 
of ([HI). We have almost surely liuin^^oo <Pn{ZT) = /'{Zt), and for all n > 1, 
\<pn{ZT)\ < 4|/'(Zt)| + a. Therefore, it follows from the dominated convergence 
theorem that, 

hin EQ[MZT)]=EQ[f'{ZT)]. 

n— >+oo 

We prove now the convergence of continuous martingale parts of (jl4p . It follows 
from Lemma [2] that 

Zt\^l''\Zt)-^t{Zt)\ <EQ[ZTKiZT)-nZT)\\Tt] < 

AEQ[ZT\f"{ZT)\l{r^<T}\J't]. 

Hence, we have as before for e > 

hm Q{suvZt\cl''\Zt)-UZt)\>e)< lim -EQ[ZTf'{ZT)l{r„<T}] = 

Therefore, it follows from the Lebesgue dominated convergence theorem for 
stochastic integrals (see [l^. Theorem L4.31, p. 46 ) that for all e > and 1 < 
i < d 



liin Q(sup| f Z,.{it\Zs-)-UZs-))dX, 



(c),Q,i I 



> e) = 0. 



It remains to show the convergence of the discontinuous martingales to zero as 
n ^ CO. We start by writing 

f f [Hi^\Zs^,y) - Hs{Zs^,y)]{i,'' - v''^Q){ds,dy) = M^^^ + iv/") 



with 



Jo J A" 



where A = {y : \Y{y) - 1| < j}. 

For p > 1, we consider the sequence of stopping times Tp defined by ([T7D with 
replacing n by real positive p. We introduce also the processes 
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with Mj^"'^^ = Mj:J!;l^, N^""'^^ = N^J!^l^. We remark that for p > 1 and e > 
Q(sup|M(")+ivH| > e) < Q(rp < r)+Q(sup |m("'^)| > 1 )+Q(sup |ivi"'^)| > |). 

t<T t<T ^ t<T ^ 

Furthermore, we obtain from Doob martingale inequahties that 

Q(sup|M("'^)|>^)<lEQ[(M(r'^))2] (18) 
t<T ^ e 

and 

Q(sup|iv("'^)|>^)<^EQ|<'^)| (19) 

Since Tp — >• +oo as p ^ +oo it is sufficient to show that EglM^'^^]"^ and 

Eq\N^'^^\ converge to as n — )• oo. 

For that we estimate Eq[{m!P'^^)'^] and prove that 

Jo veK J A 

where C is a constant, K is some compact set of and (ln = 

First we note that on stochastic interval [0,r A Tp)] we have 1/p < Zg^ < p, 
and, hence, 

EQ[{M^^^^^f]=EQ[ / |ifi")(Z,.,y)-if,(Z,_,y)|2y(y)^(dy)ds] < 

Jo J A 

r [ sup \H^^l^ix,y)-HT-six,y)\^Y{y)u{dy)ds 
Jo Jai/p<x<p 

To estimate the difference \H^}_^{x,y) — HT-s{x,y)\ we note that 

H^"l,{x, y) - Ht-s{x, y) = EQ[<l)n{xZsY{y)) - KixZ,) - f{xZ,Y{y)) + f{xZ,)\ 

From Lemma [2] we deduce that if xZ^iy) G [1/n, n] and xZg G [1/n, n] then 
the expression on the right-hand side of the previous expression is zero. But if 
y G ^ we also have : 3/4 < Y{y) < 5/4 and, hence, 
|//fi(x,y)-i/T-.(x,y)| < 

I^Q[lK„<.}l'An(xZ,y(y)) - 4>^{xZ,) - f{xZsY{y)) + /'(xZ,)|] 
Again from the inequalities of Lemma [2] we get: 

\H^TU^,y) - HT-s{x,y)\ < 6EQm^^^^,}\f'{xZsY{y)) - /'(xZ,)|] 
Writing 

ry(y) 

f'{xZsY{y))-f\xZs) = xZsf"{xZse)d0 
14 



we finally get 

\HTls{x,y) - HT-s{x,y)\ <Q sup Eqll^^^^^gy xZs f"{xuZs)]\Y{y) - 1\ 

3/4<it<5/4 

and this gives us the estimation of Eq[{m!P'^'^)^] cited above. 

We know that Pt ~ Qt and this means that the corresponding Hellinger process 

of order 1/2 is finite: 

hriP, Q,h = ^ ^Pcf3 + 1 / (TFM - i)'^(dy) < +00. 

Then 

/ (x/FM-i)'Kdy) <+oo- 

J A 

Prom Lebesgue dominated convergence theorem and ([8]) we get: 

fT 

/ supEl[Zj"ivZs)l{r,„<s}]ds^O 

Jo veK 

as n — )• +00 and this information together with the estimation of Eq^M^'^^)"^] 
proves the convergence of £^q[(M^"''^'*)^] to zero as n — )• +00. 

We now turn to the convergence of E'glA^^jT'^'*! to zero as n — )• +00. For this 
we prove that 

i^QlA^^T'P^I < 2Ti?Q[l{,„<r}(5|/'(ZT)| + a)] [ Y{y)du 

J A" 

We start by noticing that 

/ \ fThTp r 

£^Q|A^r^1 < 2Eq[ / / - H,{Z,_,y)\ Y{y)u{dy)ds] < 

Jo J A" 

2 r [ EQ[\H'i'\Zs^,y) - Hs{Zs-,y)\Y{y)u{dy)ds] 
Jo J A" 

To evaluate the right-hand side of previous inequality we write 

\H'i'\x,y)-Hs{x,y)\ < 

EQ\(l)n{xZT-sY{y)) - f'{xZT-,Y{y))\ + EqIM^Zts) - /'(xZt-.)|. 
We remark that in law with respect to Q 

\MxZT-sY{y)) - f'{xZT-sY{y))\ = Eq[\MZt) - /'{Zt)] \ Z, = xY{y)] 

and 

\(t>n{xZT-s) - nxZT-s)\ = EqUniZx) " /'(^t)| \Zs = x] 

Then 

H't\x,y) - Hs{x,y)\ < 2Eq|</>„(Zt) - /'(Zt)| 
Prom Lemma [2] we get: 

EQ\MxZT)-f'ixZT)\ < EQ[l{,^^T}\MZT)-f'{ZT)\] < EQ[l{,^^T}{5\f'{ZT)\+a)] 
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and is proves the estimation for EqlNj^ \. 

Then, Lebesgue dominated convergence theorem apphed for the right-hand 
side of the previous inequahty shows that it tends to zero as n — t- 00. On the 
other hand, from the fact that the Helhnger process is finite and also from the 
inequahty {y^Y(y) — 1)^ > Y{y)/ 25 verifying on A'^ we get 




Y{y)dv < +00 



This result with previous convergence prove the convergence of EQ\Nj. '\ to 
zero as n — > 00. Theorem 4 is proved. □. 



4.3 Proof of Theorem [3] and Proposition [T] 

Proof of Theorem 0. We define a process X = such that for 

1 < i < d and t G [0, T] 

where £{■) is Dolean-Dade exponential. We remark that if X is a Levy process 
then X is again a Levy process and that 

ds? =sfldxf\ 

In addition, for 1 <i < d and t G [0, T] 

Replacing in Theorem [2] the process S by the process X we obtain Q-a.s. for all 
t < T: 



j^]^ Jo Jo Jw^ 

(20) 

Then it follows from (|2U|) , Theorem [J] and the unicity of decomposition of mar- 
tingales on continuous and discontinuous parts, that Q* — a.s., for all s < T and 
all y £ suppiy), 

H,{Z:_,y) = Y,^fS^l{ey^-l) (21) 
1=1 

and for alH < T 

f uz:^) K- A* = Y^( <^^dx^^\ (22) 

We remark that Q* — a.s. for all s < T 

H,{Z:,y) = EQ,{f'{Y*{y)Z^) - f'{Z*j,) \ Ts). 
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Moreover, Hs{Z*_,y) coincide with Hs(Z*,y) in points of continuity of Z* . Tak- 
ing the sequence of continuity points of Z* tending to T and using that Zt = Zt~ 
(Q*-a.s.) we get that Q* — a.s. for y £ supp{v) 

d 

f'{Z^Y*{y)) - f'{Z^) = J24l4-ie''' " 1) (23) 

j=i 

We fix an arbitrary yo £supp (u). Differentiating with respect to yi, i < d, we 
obtain that 

Z^^Y*{yo)nZ^Y*{yo)) = </.?_5« e^"- 
oyi 

We also define : 

^x) = xf"{xY*{yo)) 

and 

ai = e-y^-^Y*{yo). 
oyi 

We then have (j)^^_S^_ = ^{Z^)ai, and inserting this in (j23p . we obtain ([9]). 

Taking quadratic variation of the difference of the right-hand side and left- 
hand side in (j22p . we obtain that Q* — a.s. for all s < T 

z:_ /3* - c z:_ /?* - = o 

where by convention Ss-4>s = (5's!l</>i*^)i<i<d. Now, we remark that Q* — a.s. for 
all s < T 

z:uz:) = EQ,{f"{z^)z^\j-s) 

and that it coincides with in continuity points of Z*. We take a set of 

continuity points of Z* which goes to T and we obtain since Levy process has no 
predictable jumps that Q* — a.s. 

^[Z*Tf"{Z*T)fi* - ST-<i)T-] C [Z*Tf"{Z*T)P* - ST-(t>T-] = 

Hence, if c / 0, 

Z^f"{Z^)^* - ST-Ct>T- = V 

where V G M*^ is a vector which satisfies cV = 0. Inserting this in (|23p we obtain 
pop . Theorem [3] is proved. □ 

Proof of Proposition. [7] Writing Ito formula we obtain P-a.s. for t <T : 



d 



ln(Z;)=^/3*Xp+ / / ln(y*(y))d(^^-z.^'^) 

Jo Jm^ (24) 

[-1 ^P*c(3* + t [ [HY*{y)) - {Y*{y) - l)]u{dy) 

As we have assumed Q* to preserve the Levy property, the Girsanov parameters 
(/3*,y*) are independent from (a;,i), and the process ln(Z*) = (ln(Z(*))o<t<T is 
a Levy process with the characteristics: 
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binz* = [_ 1 T^*,^* + f^4HY*{y)) - {Y*{y) - 1)] v{dy), 

dzyln^* = \n{Y*{y)u{dy). 

Now, as soon as ^ I3*c(3* 7^ 0, the continuous component of ln(Z*) is non zero, 
and from Theorem 24.10 in |24j we deduce that supp(Z^) = R"*"'* and, hence, i). 
If Y*{y) is not identically 1 on supp (u), then in Q the Oi, 1 < i < d, are not 
all zeros, and hence, the set supp^u^^^^*^) = \\nY*{y),y G suppiy)^ contains an 
interval. It implies that supp [v^^^ ) 7^ 0- Since G supp{v), again from Q 
it follows that G supp{v^^^ ). Then ii) is a consequence of Theorem 24.10 in 

5 So which / can give MEMM preserving 
Levy property ? 

If one considers some simple models, it is not difficult to obtain /-divergence 
minimal equivalent martingale measures for a variety of functions. In particular, 
one can see that the /-divergence minimal measure does not always preserve the 
Levy property. What can we claim for the functions / such that /-divergence 
minimal martingale measure exists and preserve Levy property? 

Theorem 5. Let f : M^"* — t- M 6e a strictly convex function of class and 
let X be a Levy process given by its characteristics (6, c, z^). Assume there exists 
an f -divergence minimal martingale measure Q* on a time interval [0,T], which 
preserves the Levy property and belongs to fC* . 

Then, if supp{v) is of the non-empty interior, it contains zero and Y is not 
identically 1, there exists a > and 7 G M such that for all x G supp{Z^), 

f"{x) = ax^ . 

Lf~^ I5*cl5* 7^ and there exists y G supp{iy) such that Y*{y) 7^ 1, then there exist 
nGN, 7GM, a>0 and the real constants bi,bi,l < i < n, such that 

n 1 ^ 

fix) = ax^ + x^y] biiHx)y + - V k{ln{x)y-' 

We deduce this result from the equations obtained in Theorem EJ We will 
successively consider the cases when supp (u) ^ 0, then when c is invertible, and 
finally when c is not invertible. 

5.1 First case : the interior of supp{u) is not empty 

Proof of Theorem 0. We assume that supp [u) 7^ 0, G supp{v) , Y* is not 
identically 1 on supp{v). According to the Proposition [1] it implies in both cases 
"^/3*c/3* 7^ and "^/J^c/?* = 0, that supp{Z^) is an interval, say J. Since the 
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interior of supp{u) is not empty, there exist open non-empty intervals /i,.../^ 
such that I = Ii X ... X (^supp (u). Then it follows from Theorem [3] that for 
ah (x, y) e J X I, 

d 

f'{xY*{y)) - fix) = <i>(x)^a,(e^> - 1) (25) 

i=l 

0,0 

where $ is a differentiable on J function and a G M . If we now fix xq GJ, we 
obtain 

1 ^ 

and so Y* is differentiable and monotonous in each variable. Since Y* is not 
identically 1 on supp (z^) we get that a ^ 0. We may now differentiate ()25p with 
respect to yi corresponding to Oi ^ 0, to obtain for all (x, y) £ J x I, 

^ixo)nxY*{y)) = *(x)r(xor*(y)), (26) 

where ^'(a;) = — Differentiating this new expression with respect to x on the 
one hand, and with respect to yi on the other hand, we obtain the system 



^{xo)Y*{y)f"'{xY*iy)) = /"{xoY* (y))^' (x) 
^{xo)xf"{xY*iy))=xof"'{xoY*{y))<i'{x) 



In particular, separating the variables, we deduce from this system that there 

o 

exists 7 G M such that for all x G J, 

^'(x) _ 7 
^{x) ~ x' 

o 

Hence, there exists a > and 7 G M such that for all x G J, ^'(x) = ax"'. It then 
follows from ([26]) and 1^ that for ah (x, y) G J x I, 

f"'ixY*iy)) 7 



f"{xY*{y)) xY*{y) 

and hence that f"{xY*{y)) = a{xY*{y))"'. 

We take now the sequence of (ym)m>i, ym £ supp{v), going to zero. Then, the 
sequence {Y*{ym))rn>i according to the formula for Y* , is going to 1. Inserting 

o 

ym in previous expression and passing to the limit we obtain that for all x G J, 

f"{x) 7 

/"(x) X 

and it proves the result on supp [Z^). The final result on supp{Z^) can be 
proved again by limit passage. □ 
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5.2 Second case : c is invertible and u is nowhere 
dense 

In the first case, the proof rehed on differentiating the function Y* . This is of 
course no longer possible when the support of u is nowhere dense. Howerever, 
since /3*c/3* ^ 0, we get from Proposition [1] that supp{Z*) = M"^'*. Again from 
Theorem [3] we have for all x > and y £ supp[u), 

d 

f'{xY*{y)) - fix) = xf"{x)Y,fi*{ey^ - 1). (28) 

i=l 

We will distinguish two similar cases: h > \ and < 6 < 1. For 6 > 1 we fix e, 
< e < 1, and we introduce for a G M the following vector space: 

Va,b = C^([e(lA6), ^-^]), such that for x £ [e, -], (j){bx) - (j){x) = ax(p'{x)} 
with the norm 

\\(j)\\oo = sup |(/)(x)| + sup \(j){bx)\ 

It follows from ^ that /' G Va,b with b = Y*{y) and a = Eti " !)• 

The condition that there exist y G supp{v) such that Y*{y) ^ 1 insure that 
Eti/3r(e^'-l)/0. 

Lemma 4. If a ^ then Va,b is a finite dimensional closed 

i * loo vector space. 

Proof It is easy to verify that Va^b is a vector space. We show that Va^b is 
a closed vector space : if we consider a sequence {4'n)n>i of elements of Va^b 
which converges to a function (f), we denote by ■0 the function such that ip{x) = 
!tMzm, We then have 

ax 

lim \K-^\\oo< I |.|^,. lim ||</'„-</'||oo=0 
n-^+oo e\a\[i A 0) n^+oo 

Therefore, cp is differ entiable and we have cp' = ip. Therefore, 4> is of class and 
belongs to Va^b- Hence, Va^ is a closed in || • ||oo vector space. Now, for (p G Va^b 
and X, y G [e, -], we have 



\Af \ A( W ^ \A.U \\\ 1^ I (AlH -'/'('") I I i^llV-lloo, I 

\^>\x) — (pyy)\ < sup \ip\u)\\x — y\< sup j — j \x — y\<—— — \x — y\ 

Therefore, the unit ball of Va), is equi-continuous, hence, by Ascoli theorem, it 
is relatively compact, and now it follows from the Riesz Theorem that V^f, is a 
finite dimensional vector space. □ 

We now show that elements of Va,b belong to a specific class of functions. 

Lemma 5. All elements ofVa^b '^"e solutions to a Euler type differential equation, 
that is to say there exists m G N and real numbers {pi)o<i<m such that 

•m 

J]p,xV«(x) = 0. (29) 

1=0 



20 



Proof It is easy to see from the definition of Va^b that if S Va^b, then the function 
X I—)- x(f>'{x) also belongs to Va^b- If we now denote by the derivative of order 
i of (p, we see that the span of (xV^*H^))i>o niust be a subvector space of Vafi 
and in particular a finite dimensional vector space. In particular, there exists 
m G N and real constants {pi)o<i<m such that (p9]) holds. □ 

Proof of Theorem The previous result applies in particular to the function /' 
since /' verify (f28]) . As a consequence, /' satisfy Euler type differential equation. 
It is known that the change of variable x = exp(u) reduces this equation to a 
homogeneous differential equation of order m with constant coefficients. It is also 
known that the solution of such equation can be written as a linear combination of 
the solutions corresponding to different roots of characteristic polynomial. These 
solutions being linearly independent, we need only to considerer a generic one, 
say f'^, A being the root of characteristic polynomial. If the root of characteristic 
polynomial A is real and of the multiplicity n, n < m, then 

n 

f^{x) = aox^ + x^Y.^i{\n{x)y 
1=1 

and if this root is complex then 

n 

f'^{x) = x^^(^) ^[ci cos(ln(Im(A)x)) + di sin(ln(/m(A)x))] ln(x)* 

i=0 

where ao, hi, Ci, di are real constants. Since /' is increasing, we must have for all 
i < n, Ci = di = 0. But / is strictly convex and the last case is excluded. Putting 

n 

f'^{x) = aox^ + x^^bi{Hx)y 
1=1 

into the equation 

f{bx) - fix) = axfix) (30) 
we get using linear independence of mentioned functions that 

n 

ao{b^ - aA - 1) + 6^ ^ 6i(ln bf - abi = (31) 

i=l 

and that for all 1 < i < n, 

n 

bXciiHb))'"' - bi{l + aX) - abi+i{i + 1) = (32) 

k=i 

with bn+i = 0. We remark that the matrix corresponding to (j32p is triangular 
matrix M with 6^ — 1 — aA on the diagonal. If — 1 — aA 7^ 0, then the system 
of equations has unique solution. This solution should also verify:for all x > 

/a(^) > (33) 

If 6^ — 1 — aA = , then rang[M) = 0, and bi are free constants. Finally, we 
conclude that there exist a solution 

n 

f^{x)=ax^ + x^Y.^i{\n{x)y 

i=l 

verifying (j33p with any A verifying 6''' — 1 — aA = 0. □ 
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5.3 Third case : c is non invert ible and v is nowhere 
dense 

We finally consider the case of Levy models which have a continuous component 
but for which the matrix c is not invertible. It follows from Theorem [3] that in 
this case we have for all x S supp{Z*) and y £ supp{u) 

d d 

f'ixY*{y)) - fix) = xf"{x) " 1) " E ^^(^'^ " ^) (34) 

i=i j=i 

where cV = 0. 

Proof of Theorem First of all, we note that if /' satisfies (j34p then (j) : x ^ 
xf"{x) satisfies ([30|) . The conclusions of the previous section then hold for (p. □ 



6 Minimal equivalent measures when f"{x) = 

Our aim in this section is to consider in more detail the class of minimal martin- 
gale measures for the functions which satisfy f"{x) = ax^. First of all, we note 
that these functions are those for which there exists ^ > and real B,C such 
that 

f{x) = Af^{x) + Bx + C 



where 



x\n{x) if 7 = —1, (35) 
— ln(x) if 7 = —2. 



and = sign[(7 + l)/(7 + 2)]. In particular, the minimal measure for / will be 
the same as that for Minimal measures for the different functions have 
been well studied. It has been shown in [16], [8], [E] that in all these cases, the 
minimal measure, when it exists, preserves the Levy property. 
Sufficient conditions for the existence of a minimal measure and an explicit ex- 
pression of the associated Girsanov parameters have been given in the case of 
relative entropy in |10j.|13j and for power functions in [15J. It was also shown 
in |13] that these conditions are in fact necessary in the case of relative entropy 
or for power functions when d = 1. Our aim in this section is to give a unified 
expression of such conditions for all functions which satisfy f"{x) = ax^ and 
to show that, under some conditions, they are necessary and sufficient, for all 
d-dimensional Levy models. 

We have already mentioned that /-divergence minimal martingale measures play 
an important role in the determination of utility maximising strategies. In this 
context, it is useful to have further invariance properties for the minimal measures 
such as scaling and time invariance properties. This is the case when f"{x) = ax'^ . 



Theorem 6. Consider a Levy process X with characteristics {b, c, v) and let f 
he a function such that f"{x) = ax"' , where a > and 7 S M. Suppose that 
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c ^ or supp (z/) 7^ 0. Then there exists an f -divergence minimal equivalent 
to P martingale measure Q preserving Levy properties if and only if there exist 
7, /3 e M"^ and measurable function Y ■.'R'^\ {0} —?- M"*" such that 

d 

Y{y) = {fr\f'{l) + J2^^{e''-^)) (36) 

i=l 

and such that the following properties hold: 

Y{y) > ly-a.e., (37) 



d „ 

V / (e^» - l)Y{y)u{dy) < +oo. 



(38) 



b + l-diag{c) + c/3 + / ((e^ - l)Y{y) - h{y))iy{dy) = 0. (39) 

If such a measure exists the Girsanov parameters associated with Q are j3 and 
Y , and this measure is scale and time invariant. 

We begin with some technical lemmas. 

Lemma 6. Let Q be the measure preserving Levy property. Then, Qj- ~ Px for 
allT>0 iff 

Y{y) > u-a.e., (40) 



iy^-lfuidy)<+oo. (41) 
Proof See Theorem 2.1, p. 209 of yflj.D 



Lemma 7. Let Zt = Under Qt ~ Pt, the condition Ep\f[ZT)\ < oo is 

equivalent to 



I 



[/(y(y)) - /(I) - f'{l)(Y{y) - l)Hdy) < +oo (42) 



Proof In our particular case, Ep\f{ZT)\ < oo is equivalent to the existence 
of Epf{Zx). We use Ito formula to express this integrability condition in pre- 
dictable terms. Taking for n > 1 stopping times 

Sn = inf{t > : Zt > nor Zt < 1/n} 

where inf{0} = +oo, we get for 7 7^ —1, —2 and a = 7 + 2 that P-a.s. 

Z^As„ = 1 + / a Zf^lSdX-^ + / / Zf_(y"(y) - l)(/x^ - u^'P){d.s, dy) 
Jo Jo Jw^ 

rTAs„ [■ 

+ / / Zf_[y"(y) - 1 - a{Y{y) - l)]ds v{dy) 

Jo JRd 



23 



Hence, 

Z^^,„=£:(iV(")+^W)TAs„ (43) 

where 

Tvi") = fa/3dX', + fiY^y) - - v''^''){ds,dy) 

Jo Jo 

and 

4"^ = f I [y^iv) - 1 - ot{Y{y) - l)]ds u{dy) 
Jo Jr'' 

Since [iV("), = for each t > we have 

If EpZ^ < oo, then by Jensen inequahty 

< ^TAs„ < Ep{Z^ I TtasJ 

and since the right-hand side of this inequahty form uniformly integrable se- 
quence, {Z^^g^)n>i is also uniformly integrable. We remark that in the case 

a > 1 and a < 0, a[°''^ > for all t > and 

f(^(")W=exp(41j>l. 

It means that (iV(") 

)TAsn)nm* is uniformly integrable and 

Ep(Z^)=exp(4°)) (44) 

If (|42p holds, then by Fatou lemma and since is a local martingale we 

get 

Ep{Z^) < lMn-,ooEpZTAs„ < exp(4^) 
For < a < 1, we have again 

with uniformly integrable sequence (■^TAs„)n>i- Since 

£{A^^^)tas^ = exp(4ij > exp(4)), 
the sequence (f (A^^"^)rAs„)neN* is uniformly integrable and 

Ep(Z^) = exp(4^). (45) 
For 7 = —2 we have that /(x) = xln(x) up to linear term and 

ZxASn ln(ZTAs„) = 

/ {HZs^) + l)Zs-^dX's+ / [ln(Z,_y(y))-ln(Z,_)](/i^-i/^'^)(ds,dy) 

Jo Jo JK'i 

TAs„ 

Zs- [Y{y) HY{y)) - Y{y) + l]ds u{dy) 
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Taking mathematical expectation we obtain: 

rTAs„ r 

Ep[ZTAsr. ln(ZTAsJ] =Ep / Zs-[Y{y) \n{Y{y)) - Y{y) + l]ds u{dy) 

Jo Jm^ 

(46) 

If £'p[Zt' In(ZT)] < oo, then the sequence (Zr^s^ ln(ZTAs„))neN* is uniformly 
integrable and Ep{Zs-) = 1 we obtain applying Lebesgue convergence theorem 
that 

EpIZtHZt)] =T [ [Y{y) ln(y(y)) - Y{y) + l]iy{dy) (47) 

and this implies (|42|) . If (|42|) . then by Fatou lemma from (|46|) we deduce that 
Ep[Z'r^'n{ZT)] < oo. 

For 7 = —1, we have f{x) = — ln(x) and exchanging P and Q we get: 

Ep[-ln{ZT)] = Eq[ZtHZt)] =T [ [Y (y) ln{Y (y)) - Y{y) + l]z^O(dy) 
where Zt = 1/Zt and Y{y) = 1/Y{y). But v^{dy) = Y{y)u{dy) and, finally, 

Ep[- HZt)] =T [ [- HY{y)) + Y{y) - l]v{dy) (48) 
which implies (|4'2p .D 

Lemma 8. // the second Girsanov parameter Y has a particular form i36\} then 
the condition 

d „ 

V / (e^» - l)Y{y)u{dy) < +oo (49) 
i=iAy\>i 

implies the conditions ^i^d ^4^ - 

Proof We can cut each integral in (j^T|) and (P2|) on two parts and integrate 
on the sets {|y| < 1} and {|y| > 1}. Then we can use a particular form of Y and 
conclude easily writing Taylor expansion of order 2. □ 

Proof of Theorem Necessity We suppose that there exist /-divergence minimal 
equivalent martingale measure Q preserving Levy property of X. Then, since 
Qt ^ Pt, the conditions ([37]), (jH]) follow from Theorem 2.1, p. 209 of [H]. 
From Theorem 3 we deduce that ()36p holds. Then, the condition (I38p follows 
from the fact that S" is a martingale under Q. Finally, the condition (|39p follows 
from Girsanov theorem since Q is a martingale measure and, hence, the drift of 
S under Q is zero. 

Sufficiency We take /3 and Y verifying the conditions ([57|) . ([55|) . ([5U|) and we 
construct 

^^ = Y.f P^'^dXl'^"^ + f j {Y{y) - 1)(^^ - v'''P){ds, dy) (50) 
j^j^ Jo Jo Jr^ 
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As known from Theorem 1.33, p. 72-73, of |14j . the last stochastic integral is weh 
defined if 

C{W) =T [ {Y{y) - lfl{\Y{y)^^^^}Kdy) < oo, 

C{W') =T [ \Yiy) - l|I{|y(,)-i|>i}i^(dy) < oo. 

But the condition (f38]l . the relation ([36l) and lemma [8] implies (jlT]l . So, (y — 1) G 
GiocifJ-^) and Af is local martingale. Then we take 

Zt = £{M)t 

and this defines the measure Qt by its Radon-Nikodym density. Now, the con- 
ditions (f37|) ■ ([38]) together with the relation (j36|) and lemma [8] imply (j^Tj) . and, 
hence, from lemma E] we deduce Pt ~ Qt- 

We show that Ep\f{ZT)\ < oo. Since Pt ~ Qt, the lemma [7] gives needed inte- 
grability condition. 

Now, since (j39p holds, Q is martingale measure, and it remains to show that 
Q is indeed /-divergence minimal. For that we take any equivalent martingale 
measure Q and we show that 

EgfiZT) < EQf'iZT). (51) 

If the mentioned inequality holds, the Theorem [1] implies that Q is a minimal. 
In the case 7 7^ —1, —2 we obtain from ()43p replacing a by 7 + 1: 

Z^+i = ^:(iV(^+i))T exp(4^+')) 
and using a particular form of /' and Y we get that for < t <T 

1=1 

where 9 = f3 if c ^ and = 7 if c = 0, and X^^^ is a stochastic logarithm of 
S^'^\ So, £{N^'^^^^) is a local martingale and we get 

SQZ?+^<exp(4^+^)) = i?QZ?+^ 

and, hence, (|5T]) . 

In the case 7 = — 1 we prove using again a particular form of /' and Y that 

d 

nzT) = EQ{r{ZTr)+Y.e'^x^ 

1=1 

with = /3 if c 7^ and = 7 if c = 0. Since EqXt = we get that 

EQif'iZT)) < EQif'iZT)) 

and it proves that Q is /-divergence minimal. 
The case 7 = — 2 can be considered in similar way. 
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Finally, note that the conditions which appear in Theorem [6] do not depend in 
any way on the time interval which is considered and, hence, the minimal measure 
is time invariant. Furthermore, if Q* is /-divergence minimal, the equality 

f{cx) = Af{x) + Bx + C 

with A, B, C constants, A > 0, gives 

Epmc§)] = AEp[f{§)] + B + C> AEp[f{^)] + B + C = Ep[f{c^)] 
and Q is scale invariant. □ 



6.1 Example 

We now give an example of a Levy model and a convex function which does not 
satisfy f"{x) = ax'^ yet preserves the Levy property. We consider the function 
f{x) = ^ + x\n.{x) — X and the R^-valued Levy process given by Xt = iWt + 
ln(2)Pi, VFj + ln(3)Pt — t), where is a standard one-dimensional Brownian 
motion and P is a standard one-dimensional Poisson process. Note that the 
covariance matrix 

' 1 1 

1 1 

is not invertible. The support of the Levy measure is the singleton a = (ln(2), ln(3)), 
and is in particular nowhere dense. Let Q be a martingale measure for this model, 
and (/3, y) its Girsanov parameters, where ~^ (3 = (/3i,/32). In order for Q to be a 
martingale measure preserving Levy property, we must have 

ln(2) + i + /3i + /32 + Y{a) = 0, 

I (52) 
ln(3) - - + /3i + /32 + 2Y{a) = 0, 

and, hence, Y{a) = 1 — ln(|). Now, it is not difficult to verify using Ito formula 
that the measure Q satisfy: EpZj, < oo and, hence, Ep\f{ZT)\ < +oo . More- 
over, the conditions ([371) . ([38l) are satisfied meaning that Pt ~ Qt- 
Furthermore, in order for Q to be minimal we must have according to Theorem 

El 

2 2 

f'ixY{y)) - fix) = xr(x) ^ A(e'^' - 1) + ^v^{e''' - 1) 

i=l i=l 

with oi = In2,a2 = InS and V = ^(^1,^2) such that cV = 0. We remark that 
V2 = —vi. Then for x G supp{Zt) 

\n(Y{a)) + x(Y{a) - 1) = (x + + 2/32) - vi 

and since supp{Zt) = M"*"'* we must have 

/3i + 2/32 = Y{a) - 1 and A + 2/32 - vi = ln(y(a)) 
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Using ([52]) . this leads to 



= _ln(l-ln(|))-ln(|) 
< /3i = 31n(3) - 51n(2) - 3 
/32 = | + 31n(2) -21n(3) 

We now need to check that the martingale measure given by these Girsanov 
parameters is indeed minimal. Note that the decomposition of Theorem U] can 
now be written 




and right-hand side of previous equality is a local martingale with respect to any 
martingale measure Q. Taking a localising sequence and then the expectation 
with respect to Q we get after limit passage that 

EQ[nzT)]<EQ[nzT)], 

and so, it follows from Theorem [T] that the measure Q is indeed minimal. 
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